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Abstract 

In this work, we study the existence, multiplicity and concentration 
of positive solutions for the following class of quasilinear problem: 

—A^u + V{ex)(f>{\u\)u = f{u) in 

where (l){s)sds is a N-function, is the $-Laplacian 

operator, e is a positive parameter, N > 2, V : —)• R is a continuous 

function and / : R —>■ R is a C^-function. 
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1 Introduction 

Many recent studies have focused on the nonlinear Schrodinger equation 

ie^ = -e^A^ + {V{z) + E)^ - /(^) for all z G (NLS) 

where A>l,e>0isa parameter and V, f are continuous function verifying 
some conditions. This class of equation is one of the main objects of the 
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quantum physics, because it appears in problems involving nonlinear optics, 
plasma physics and condensed matter physics. 

Knowledge of the solutions for the elliptic equation 


J —e^Au + V{z)u = f{u) in M^, 
{ ue 


or equivalently 


J — Au + V{ez)u = f(u) in M^, 

{ ue 


(S') 


e? 


has a great importance in the study of standing-wave solutions of (NLS). 
In recent years, the existence and concentration of positive solutions for 
general semilinear elliptic equations (5)e have been extensively studied, see 
for example, Floer and Weinstein [18], Oh [29l|30|, Rabinowitz [32], Wang 
[55] . Ambrosetti and Malchiodi [5], Ambrosetti, Badiale and Cingolani [S], 
Floer and Weinstein m, del Pino and Felmer [T3] and their references. 

In the above mentioned papers, the existence, multiplicity and concen¬ 
tration of positive solutions have been obtained in connection with the ge¬ 
ometry of the function V. In some of them, it was proved that the maximum 
points of the solutions are close to the set 


V = < X G : V(x) = min V{z)\ , 

y J 

when e is small enough. Moreover, in a lot of problems, the multiplicity of 
solution is related to topology richness of V. 

In [32], by a mountain pass argument, Rabinowitz proves the existence 
of positive solutions of (5)e, for e > 0 small, whenever 


liminf F(z) > inf V{z) = Vq > 0. {R) 

bl^CXD 

Later Wang [35] showed that these solutions concentrate at global minimum 
points of R as e tends to 0. 

In |14j . del Pino and Felmer have found solutions which concentrate 
around local minimum of V by introducing a penalization method. More 
precisely, they assume that 

R(x) > inf V{z) = Ro > 0 for all x G (Rq) 

N 

and there is an open and bounded set 11 C M satisfying 


inf R(z) < mm R(z). (Ri) 

z£Q z£dQ. 
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The existence, multiplicity and concentration of positive solution have 
been also considered for quasilinear problems of the type 

—Apu + V{ex)\u\^~‘^u = f{u), in 

and 

—ApU — AgU + V{ex){\u\^~'^u + \u\'^~‘^u) = f{u), in 

Related to this subject, we cite the papers Alves and Figueiredo m m, 
Benouhiba and Belyacine uni, Cammaroto and Vilasi [12], Chaves, Ercole 
and Miyagaki m, Figueiredo Li and Liang [25] and their references. 

Recently, in [7], Alves and Silva have showed the existence, multiplicity 
and concentration of positive solutions for the following class of quasilinear 
problems 

J -A^u + V{ex)(j){\u\)u = f{u)mR^, 

\ ue ^ 

where A^ > 2, e is positive parameter, the operator A^u = div((/)(|Vu|)Vu), 
where $(t) = (j){s)sds, named <1>-Laplacian, is a natural extension of the 
p-Laplace operator, with p being a positive constant and V : —>■ M is a 

continuous function verifying (ii). 

This type of operator arises in a lot of applications, such as 
Nonlinear Elasticity: <l>(t) = (l+t^)“ — 1 ,q:G (1, 7 ^^), 

Plasticity: <h(t) = tPln(l + t), 1 < <, p <_ N — 1,N >‘i, 

Non-Newtonian Fluid: ^{t) = for p > 1, 

Plasma Physics: <l>(t) = where 1 < p < g < with q G (p,p*). 


existence of solution for ([^ 

0, m, [E] 


The reader can find more details involving this subject in |15] . m, m 
and their references. 

Actually, we have observed that there are interesting papers studying the 

when e = 1 , we would like to cite the papers 
ESI, m, ESI and references therein. However, 
the authors know only the paper [7], where the existence, multiplicity and 
concentration of solution has been considered for a <1>-Laplacian equation. 

Motivated by and m, in the present paper we study the existence, 

multiplicity and concentration of solution for (Pe), by supposing that V 
verifies the conditions (Vo)-(ki)- 

In this work, we complete the study made [7], because we are considering 
another geometry on V. Related to El El, we enlarge their study, in the 
sense that, we obtain the same type of results for a large class of operators. 
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In the proof of our results, we will work with N-function theory and Orlicz- 
Sobolev spaces. Since we are working with a general class of function ‘h, some 
estimates explored in [3] and m cannot be repeated, then it was necessary 
to developed new estimates. For example, in [3], it was used interaction 
Moser techniques, which does not work well in our case. To we overcome 
this difficulty, we adapt some arguments found in and [3^ . 

Here, we also modify the nonlinearity like [TTj, however the deformation is 
more technical, see Section 2 for details. 

Next, we will write our assumptions on (p and /. 

Conditions on (p: 

The function (p : [0, +oo) [0, +oo) is a C^- function satisfying 


{(pi) i(p{t)t)' >0,t>0. 

{(P 2 ) There exist l,m, £ {^,N) such that 



and 



where 




((^ 4 ) The function cp is monotone. 


((^ 5 ) There exists a constant c > 0 such that 


\(p (t)t| < c<p{t), V t G [0, + 00 ). 


Hereafter, we will say that $ G Cm if 


{Cm) 


$(t) > |tr, vt G M. 
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Moreover, let us denote by 7 the following real number 


m, if G Cm, 

I, if ^ ^ Cm. 


Here, we would like to detach that the functions (p associated with each 
N-function mentioned in this introduction, fulfill the conditions ( 0 i)-((/) 5 ). 

Conditions on /: 

The function / : M —>• M is a C^- function verifying: 

(/i) There are functions r, h : [0, + 00 ) ^ [0, + 00 ) such that 


fit) 

hmsup , ,, ,,, ,,, 

iiiV irimt\y 


0 and lim sup 

|t|—>+0X3 


\fit)\ 

mtmr 


< + 00 . 


(/ 2 ) There exists 9 > m such that 

0 < eF{t) < f{t)t, Vt > 0 

where 

Fit) = f fis)ds. 

Jo 

f (^) 

(/s) The function —^ is increasing for t > 0. 

Related to functions r and b, we assume that they are C^- functions 
satisfying the following conditions: 

(ri) r is increasing. 

(r 2 ) There exists a constant c > 0 such that 

|r'(t)t| < cr{t), V t > 0. 

(ra) There exist positive constants ri and r 2 such that 

r{t)e 


n < 


R{t) 


where 


< r 2 , Vt > 0, 


r\t\ 

R{t) = / r{s)sds. 

Jo 
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(r 4 ) The function R satisfies 


( 6 1) h is increasing. 

( 62 ) There exists a constant c > 0 such that 

\b {t)t\ < cfe(t), \ft > 0 . 


( 63 ) There exist positive constants 61,62 & (1)7*) verifying 


'^1 < 


W) 


< 62 , 


Vt > 0, 


where 7 * 


N'j 

N--y 


and 


r\i\ 

B{t) = / b{s)sds. 

Jo 


( 64 ) The function B satishes 


B{t) 

hm sup ^ , , < +00 and 
t^o <^{t) 


lim sup 


B{t) 


Mt) 


= 0 , 


where is the Sobolev conjugate function, which is defined by inverse 
function of 

/■* 

Jo 

Using the above hypotheses, we are able to state our main result. 


Theorem 1.1 Suppose that . (n) (r^)^ (bi) (b^). (fi) (f^), (Vb) 


(Ui) hold. Then, for any 6 > 0 small enough, there exists > 0 such that 
(Pe) has at least catMsiM) positive solutions, for any 0 < e < es, where 

M = {x e 0 ; V{x) = Uo} 


and 

Ms = |x € : dist{x,M) < 6}. 

Moreover, if Uf, denotes one of these solutions and G is its global 
maximum, we have that 

\\mV{exf) = Vq. 
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We would like point out that, if y is a closed subset of a topological 
space X, the Lusternik-Schnirelman category catxiX) is the least number 
of closed and contractible sets in X which cover Y. 

The plan of the paper is as follows: In Section 2, we will prove 
the existence and multiplicity of solution for an auxiliary problem, more 
precisely, using Lusternik-Schnirelman category theory, we show that the 
auxiliary problem has at last catMs i^) positive solutions for e small enough. 
In Section 3, we make some estimates to prove that the solutions found for 
the auxiliary problem in Section 2 are solutions for the original problem. 
Finally, we write an Appendix A, where we show the existence of a special 
function used in Section 2. 

2 An auxiliary problem 

In this is section, motivated for some arguments explored in Alves and 
Figueiredo [3], and mainly in del Pino and Felmer m, we will show the 
existence and multiplicity of positive solutions for an auxiliary problem. To 
this end, we need to fix some notations, however if the reader does not know 
the main properties involving the Orlicz-Sobolev spaces, we suggest to read 
the Section 2 in [7] for a brief review, and for a more complete study, see 

H, m, [E], m and m- 

Since we intend to find positive solutions, we will assume that 

f{t) = 0 for all t < 0. (2-1) 

Let 9 be the number given in |(/ 3 )[ a,k > 0 satisfying 

^ i^-l) m f{a) _ Vq^ 

{6 — m) I (j){a)a k 

Using the above numbers, let us define the function 

f f{s) if s < a 

^ -f ^ 

[ if s> a. 

Fixing to < a < ti with to,ti a, it is possible to build a function 
r] e C^([to,ti]) satisfying 


im) vis) < f{s) for all s G [to,U], 
(%) r]{to) = f{to) and r]{ti) = f{ti) 
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(%) V(^o) = if)'(to) and = (/)'(ii), 

Tj(s^ 

( 774 ) The function s —)• ^ is nondecreasing for all s G 


A. 


0(s)s 

The reader can find the details involving the existence of rj in Appendix 

Using the functions r] and /, let us consider two new functions 

7(g) ^ / f{s) if 

\ r]{s) if s e [to,U], 


and 


9{x, s) = xnix)f{s) + (1 - xnix))fis), 


where xo is the characteristic function related to the set fl. From definition 
of g, we see that g is a Caratheodory function verifying 


g{x, s) = 0, V(x, s) G x (— 00 ,0] 


( 2 . 2 ) 


and 


g{x, s) < f{s), y{x, s) G x M. 


(2.3) 


Moreover, for each x G the function s —)■ g{x,s) is of class and it 
satisfies the following conditions: 


, ^ 9ix,s) 

{gi) hmsup 

i^i^o n s\) s 


= 0 , uniformly in x G 


t,N 


( 52 ) limsup < + 00 , uniformly in x G 

I^l^+oo b{\s\)\s\ 

{ 93 ) 0 < 6G{x,s) = 0 [ 9 {x,t)dt < g{x,s)s, V(x,s) G n x (0,+ 00 ). 

Jo 

( 54 ) 0 < lG{x,s) < g{x,s)s < -^(j){s)s^, V(x,s) G 0'^ x (0,+oo). 

K 


( 55 ) The function s 
s > 0. 


9 {x,s) 

(l>{s)s 


is nondecreasing for each x G and for all 
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Using the function g, we can consider the auxiliary problem 


-A<s>u + V{€x)4>{\u\)u = g{€x,u) in 
u € 


(Pe) 


Here, we would like to point out that if Hg denotes the set 
He = {x G : ex G H} = H/e 


and u is a positive solution of (|Pe|) with u{x) < to for all x G then 


u is also a positive solution of (Pe). 


2.1 Preliminary results 

In what follows, let us denote by —>■ M the energy functional related 

to (Pe) given by 


Je(u) = f <h(|Vu|)dx+ f U(ex)$(|tt|)(ix — f G{ex,u)dx, 

Jrn J^n 

where Xg denotes the subspace of given by 

Xg = |u G IU^’^(]R^) : [ U(ex)^>(|u|)dx <+oo|, 

endowed with the norm 

||tt||g = ||Vu||# + ||u||<i,,v;, 

||Vtt||$ := inf |a > 0; f <I> ^ ^ ^ ^ ^dx < l| 


where 


and 

||^^||<i>,y := inf |a > 0 ; J U(ex)<h^-^^dx < l|. 

From (Vo)) h follows that the embeddings 


Xg L 


^r-nN\ 


and Xf ^ L 


BfTaN\ 


are continuous. Using the above embeddings, a direct computation yields 
Jg G Ci(Xg,M) with 

J^{u)v = / Vu|)VuVu dx + / U(ex)(/>(|u|)uu dx — / g{ex,u)vdx, 

JRN Jjjiv JjJJV 
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for all u,v G X^. Thereby, tt G is a weak solution of (^) if, and only if, 
rt is a critical point of J^. Furthermore, by ()2.2I) . the critical points of are 
nonnegative. 

Lemma 2.1 Let (un) be a sequence {PS)c- Then, (un) is a bounded 
sequence in X^. 

Proof. Since {un) is a {PS)c sequence for P, there is Ci > 0 such that 
TtiPn) ^ C*i(l + UrtfiHg), V/l G M. 

On the other hand, by (^2) and (53) — (54), 

Je{Un) -\j[{Un)Un>C\ [ ^{\VUn\)dx+ [ V {ex)^{Un)dx\ , 

d \ J^N J^N / 


where C = 


1 — — (1 — >0. Hence, by [El Lemma 2.1], 


JeiPn) P C*! ('^odl^^n ||<I>) T Co(||^n||$,)) ) ^ 

Now, the proof follows as in |5l Lemma 4.2]. 


Lemma 2.2 Let (un) be a {PS)d sequence for p. Then for each t, there 
exists po = Po{t) > 0 such that 


limsup / 

n ^+00 


4>(|n„|) + F(e3:)4>(|n„l) 


dx < T. 


Proof. For each p > 0, let G verifying 


1 , 


0, X G Bp (0) 
^p(O) 


c 


with 0 < ^p(x) < 1 and jV^pj < —, where C is a constant independent of p. 

P 

Note that 

Je{Un){CpUn) = / (j){\XUn\)S/UnX {CpUn)dx + / V {ex)(j){\Un\)ulf,pdx 

JRN Jrjv 

- / g{ex,Un)urPpdx. 
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Choosing /? > 0 such that C Bp{0), the condition | (02) | ensures that 


I 


^{\VUn\) + V{€x)^{\Un\) dx < j'e{Un){ipUn) - I Un0(|VUn|)VUn 


+ 


/ g{ex,Un)unipdx. 


Gathering |(g 4 )| and \{(t) 2 )\ 
if epk(|Vun|) + F(ex)$(|u„|) 


dx < 


Je{^n)iCp'^n') I Uji(p(^\\7Ufi\')'^Un^ ^pdx 

Jrn 

+ T / yi(^x)<^i\Un\)Cpdx. 

JRN 


m 


Since {^pUn) is bounded in Xg and A; > —, by Holder inequality there exists 


a constant Ci > 0 such that 

[ ?pk(|Vu„|) + H(ex)$(K|) 

JR^ L 

Now, fixing T > 0, there exists po > 0 such that ^ < r. Then 


dx < o„(l) H- 

P 


^{\VUn\) + V{ex)^{\Un\) dx < On{l)+T. 
Passing to the limit in the last inequality, it follows that 


lim sup 

rx^+cx) , 




^>(|u„|) + H(e3:)$(|tin|) 


dx < T. 


The Lemma below establishes an important property involving the {PS) 
sequences for J^. Since it follows repeating the same arguments used in [Sj 
Lemma 4.3], we will omit its proof. 

Lemma 2.3 Let {un) he a {PS)d sequence for with Un u in X^. Then, 

Vun{x) —7> Vu{x) a. e. in M^. (2.4) 

As a consequence of the above limit, we deduce that u is a critical point for 
Je. 


Proposition 2.4 The functional verifies the (PS) condition. 
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Proof. Let {un) be a {PS)c sequence for J^. From Lemma l2.ll there exists 
rt G Xg such that 


Ur, ^ u in Xf. 


(2.5) 


dx < T. 


First of all, we know by Lemma 12.21 that hxed r > 0, there is po > 0 such 
that 

limsup / 

rn.+oo Jk^\Bp^{Q) 

Increasing po > 0 if necessary, the above limit together with A 2 -condition 
gives 


$(|rt„|) + P(ex)$(|ttn|) 


limsup / <I>(|Vrin — Vu|)dx < limsup / <h(|Vrin — Vn|)dx + 2r 

n^+cxD JrJV JBpg(0) 


( 2 . 6 ) 


and 


limsup / V{ex)^{\un — u\)dx < limsup / V{ex)^{\un — u\)dx + 

n^+oo JrN ri^+oo J Bpp^{0) 


2t. 


By (|2.5p . up to a subsequence, Un ^ u in L^{Bpg{0)). This information 
combined with the last limit guarantees that 


limsup / V{ex)^{\un — u\)dx < 2 t. 

n—>-+cxD Jm.n 


As T is arbitrary, we conclude that 

limsup / V{ex)^{\un — u\)dx = 0. 

n->-+oo JRJV 

Now, we will show that 


(2.7) 


limsup / $(|Vtin — Vtt|)(ix = 0. 

rn.+oo JBpgiO) 


By Lemma l2.3( 


<h(|Vrin(x) — Vtt(x)l) ^ 0 a. e. in i?pp(0). 


Moreover, from A 2 -condition and (<^ 2 ). there exist constants ci,C 2 > 0 such 
that 

^>(|V«„ - Vu|) < Ci(/>(|V«„|)|VttnP + C20(|Vtt|)|Vu|^. 
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Using again Lemma 12.31 

Ci 4 >{\VUn\)\VUn\‘^+C 24 >{\Vu\)\Vu\‘^ (ci+C 2 )(/>(|Vu|)|a. 6 . in .Bpo(O). 

On the other hand, as in [SJ Lemma 4.3], 

I {(j){\VUn\)VUn - 4'{\^u\)Vu){VUn - Vu)dx = On(l), 

Son (0) 


and so, 


[ (j){\VUn\)\VUn\‘^dx ^ [ (p{\Vu\)\Vu\‘^dx. 

JBpQ (0) 0) 

Therefore, 

ci 0 (|Vrt„|)|V«„p+C 2 (?i>(|Vn|)|Vttp dx ^ {C 1 +C 2 ) / (f){\Vu\)\Vu\^dx. 


Applying the general Lebesgue’s theorem, we infer that 
lim / $(|Vrtn — Vtt|)dx = 0. 

n^+00 JBp^{Q) 

Combining the last limit with (12.611 . we obtain 

lim / <h(|Vun — 'SIu\)dx = 0 . 

n^+QO Jgjv 

From (12.7p and (12.Sp . 

Un ^ u in Xg, 

showing that verifies the (PS) condition. 


Bpn (0) 


( 2 . 8 ) 


Next, we will show some results involving and its Nehari manifold. 
We recall that the Nehari manifold associated to is given by, 

AQ = {rt G W\{0} : J^{u)u = 0]. 

Our first lemma shows that the Nehari manifold has a positive distance 
from the origin in W- Since it follows by using standard arguments, we omit 
its proof. 

Lemma 2.5 For all u G A4, there exists a > 0, whieh is independent of e, 
such that 


u||e > cr. 
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The next lemma establishes an important characterization involving the 
mountain pass level, which is useful in a lot of problems. In what follows, 
we denote by and 0^,2 the following numbers 

Cf 1 = inf Je(u) and Ce 2 = inf max Je(tu). 

’ ueM, ^ ^ ’ ueXAlo} t>o ^ ^ 


Fixing the subset 

Ae = {u ^ Xf: : 7 ^ 0 and \supp{u) D > O} 

and the number 


it is easy to see that 


Ce 2 = inf max JJtu), 
’ ueAe t>o 


Ce,2 = Q,2- 


Lemma 2.6 Assume that ((pi) (pz)• (^ 1 ) (ta.)’ (bi) (b^)• (fi) (fz) 

(Vo)-(hi) hold. Then, for each u ^ Ae, there exists a unique tu > 0 such 
that tuU € Me and Je{tuu) = max Je{tu) . Moreover, 

Ce = Ce^l = Ce^2i 

where Ce denotes the mountain pass level associated with Je- 
Proof. For each u ^ Ae, define he{t) = Je{tu), that is, 


he{t) = / <I>(|V(tM)|)(ix + / V{ex)^{\tu\)dx — / G{ex,tu)dx. 


Existence 

By a direct computation, he{t) > 0 for t enough small and he{t) < 0 for t 
sufficiently large. Thus, there is > 0 such that 

he(tu) = maxhe(t) = max Je(tu), 
t>0 i >0 

implying that h!,,{tu) = 0 , that is, j'^{tuu)u = 0 , and so, tuU G Me- 

Uniqueness 
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Suppose that there exist ti,t 2 > 0 such that tiu,t 2 U € and ti < t 2 - 
Then, 



(j){\V{tiu)\)\V{tiu)\‘^dx 


+ 


V {ex)(j){\tiu\)\tiu\‘^dx 



g{ex, tiu)tiudx 


and 


/ (pdv {t2u)\)\V {t2u)\'^ dx + / V{ex)(j){\t2u\)\t2u\‘^dx = / g{ex,t2u)t2udx. 

Jr^ Jr^ J[u>o] 

Setting v{t) = ^^^^2 t > 0, we have 


[ {v{\ti\Vu\\) - v{\t2\Vu\\))\Vu\'^dx + [ V{ex){v{\ti\u\\) - v{\t2\^ 

JR^ Jr>^ 

g{ex,tiu) g{ex,t2u) 


u\\))\urdx 


[ti>0] 




m—1 


u^dx. 


Thus, from (Vq) and |((^ 3 )| 

[ (u(|ti|VM||) - v{\t2\Vu\\))\\/u\'^dx 

Jr^ 

^ / {v{\ti\u\\)-v{\t2\u\\))\urdx 

K J{RN\n^)n[u>o] 

f{tiu) f{t 2 u) 


+- 


< 


+ 


L 

L 


n.n[«>0] {t2u)--^ 

J{tiu) J{t 2 u) 


u^dx 


(K^\n,;)n[u>o] 


{tiu)"^ ^ {t2u) 


m—1 


u^dx, 


implying that 

/ (^^(|ii|Vn||) -v{\t2\Vu\\))\Vu\^dx 


+ 


/, 


< 


/ 


(K^\r2,;)n[n>0] 

fihu) 


Vb I MX fihu) 


Vo ,, I ||. f{t2u) 


u^dx 


f2en['U>0] 


(tiu; 


im—1 


fit2u) 

{t2u)^-^ 


u™ dx. 
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Now, consider the function 


and note that, 
where 


fit) 

h{t) = v{t)hi{t), 




k 4>{t)t 

As n, hi are non increasing and nonnegative, h is non increasing. Hence, 
h{tiu) > hit 2 u), and so. 


0 < / (n(|ti|Vn||) - n(|t2|Vn||)) iVttPdx + 

fihu) fit2u) 


’ {RN\ne)n[u>o] 


ih{tiu) — h{t2u))u^dx 


I 


Oen[u>o] 


ihu) 


m—1 


{t2u) 


m—1 


u^^dx < 0 , 


which is an absurd. Therefore, ti = t 2 - Now, the proof follows arguing as 
in [36l Theorem 4.2]. ■ 


2.2 Study of the [PS) condition for on A/l 

In this subsection, our main goal is to study the [PS) condition for on 
A4, which will be used later on. In what follows, without loss of generality, 
we will assume that 

1/(0) = min Viz) = Ho- 

Using the above number, we fix the following quasilinear problem 


—A$u + Vo(pi\u\)u = fiu) in 
u G iyi’'*’( 


(^o) 


We recall that the weak solutions of ( |PoD are critical points of the functional 
Eoiu) = / $(|Vu|)(ix + Vo / $(|u|)(ix — / Fiu)dx, 

Jrn Jrjv Jrjv 

which is well defined in T = H/^’^(M'^) endowed with the norm 
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Moreover, let us denote by do the mountain pass level of Eq, and by Mo, 
the Nehari manifold 


Mo = {m € ^\{0} : Eq{u)u = O}. 

The next lemma will be used to prove that verifies the (PS) condition 
on Me- 

Lemma 2.7 Consider C/ = {u G A4 : Je{u) < do + l}- Then, 

(а) / ^{\u\)dx < ai for all u € U, 

Jrn 

( б ) / (/ (u)M — {m — l)f{u)u)dx > (T 2 for all u € U, 

J 

where (Ji,a 2 >0 are independent constants of e. 


Proof. (a): For any u G U, 


Je{u) 



Je{u) < do + l- 


On the other hand, arguing as in the proof of Lemma 12.11 there is C > 0 
such that 

Je{u) — -J^{u)u > CVo f ^{u)dx. 


From this, 

CVo [ ^iu)dx <do + l, yuGU 


showing (a). 

( 6 ): Arguing by contradiction, if ( 6 ) does not hold, must exist a sequence 
of (un) C U, such that 



(m - l)f{Un)Ur, 


dx 0 . 


Since («„) is bounded in Xe, up to a subsequence, we can assume that 
Un ^ u in Xe, for some u G Xe- Thus, Un ^ u in L^{Qe) and Un ^ u in 
L^{Tle), implying that 



(m - l)f{u)u 


dx = 0 . 
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By |(/ 3 )[ we conclude that 

/ {u)u^ — {m — l)f{u)u = 0 a. e. in 
Therefore, tt = 0 a. e. in Og and 



Undx —>■ 0 . 


On the other hand, as J^{un)un = 0 and g{x,t)t < f{t)t for all {x,t) G 
X R, we get the inequality 


1 - 


k 


4>{\VUn\)\VUn\‘^dx + / V{ex)4>{\Un\)\Un\‘^dx 


< / fiUn)Undx, 

Jo,. 


which combined with the last limit gives ||rin||e = On(l)) contradicting the 
Lemma 12.51 This finishes the proof of (6). ■ 


Proposition 2.8 The functional restricted to Me satisfies the {PS)c 
condition for c G (0, do + !)• 

Proof. Let {un) a {PS)c sequence on Me, that is, 

Je{Un) c and \\j'e{Un)\U = On(l)- 
Then, there exists (A„) C R such that 

deiTn) — ^nTeiUn) T Ofi(l), 
where Le{v) = Je{v)v for all v G Xe- Thus, 

^nLe{Un)Un — On,(l). (^'9) 


We claim that, = 0^(1). In fact, note that 

L'e{Un)Un = / fi'{\V Un\)\X Un\ + 2(p{\\/Un\) \XUn\‘^dx 

+ / V(ex) (j) {\Un\)\Un\ + 2(l){\Un\) \Un\‘^dx 
Jrn L J 

- g{ex,Un)ul + g{ex,Un)u 

Jrn l 
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By |((/>3)i 


L^{Un)Un < m 


/ (p{\VUn\)\VUn\‘^dx + / V{ex)(p{\Un\)\Un\‘^dx 

/ g {ex,Un)u'i +g{ex,Un)u 

Jrn l 


which implies 


L[{Un)Un < / {m-l)g{ex,Un)un-g {ex,Un)ul 


/ 


U[iXrj, 


(m - l)f{Un)Un - f {Un)u. 


dx 

dx 


j 

J {1 

I 

Jn 




(m - l)g{Un)Un - r] {Un)u. 


dx 


{m - l)^(p{Un)ul - '^{4>{Un){Un))'ul 


Since g {t), > 0 for t > 0, it follows that, 

[m - l)f{Un)Un - f'{Un)ul 
(m - l)g{Un)Undx 


dx. 




' f7gU [lin *^^ 0 ] 


dx 


f 

/ 

J(R 


(R-'^\r2e)n[to<«n<tl] 


,^0 


+ / {m - l)^(l){un)uldx. 

'(R^\n,)n[n„>4i] ^ 


( 2 . 10 ) 


Now, applying the inequality 




g{t) <\/te[to,ti], 


we obtain 


' OgU [tin ■^^o] 


[m - l)f{Un)Un - f iUn)ul 

Vo 


dx 


+ 1 {m - l)-^(j){un)uidx 

J{R^\ne)n[to<ur,<ti] * 

+ [ {m - l)^(j)(un)uldx, 

J(R^\n,)n[n„>q] * 
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and so, 


L'^{Un)Un < / {m - l)f{Un)Un - / iun)^ 

Now, by Lemma l2.7[ 


dx + 


^0 f M 

T / 


Un)u\dx. 


r', \ ^ mVbcTi 

-L^{Un)Un > Cf2 --• 

Therefore, increasing k if necessary, there exists C > 0 such that 

—L^{Un)Un > C Vn G N. 

Thereby, L'^{un)un 0, and by (|2.9I) . = On(l)- From this, 

Je^Un) — On(l)) 

implying that {un) is a {PS)c sequence for in X^. Now, the result follows 
from Proposition 12.41 ■ 


As a by product of the arguments used in the proof of the last 
proposition, we have the following result. 

Corollary 2.9 The critical points of functional on Me are critical points 

of Je in Xe- 


2.3 Multiplicity of solutions to (|Fj 


After the previous subsection, we are able to show the existence of 
multiple positive solutions for (^), using Lusternik-Schnirelman theory. 
Furthermore, we also study the behavior of the maximum points these 
solutions in relation to M. 

For each 5 > 0 small enough, we consider id G +oo), [0,1]) 

verifying 

' 1, if 0 < s < I 

0 , if s > 6. 


d{s) = 

Using the function above, for each y G M, we set 


'^e,y{x) = 'd{\ex - y\)w{——-), 
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where w € denotes a positive ground state solution of problem 

(Pq), which exists according to [TJ Theorem 3.4]. By Lemma [2.6l there exists 


te > 0 such that G A4 and 


Je{te^e,y) = max 


t>0 


From this, we can define : M —A4 by Te(y) = te'i>e,y 
Lemma 2.10 The function verifies the following limit 
lim Je(Te(y)) = do, uniformly in y € M. 


e^O 


Proof. It is sufficient to show that for each (?/„) C M and (e^) C M'*' with 
Cn —>• 0, there is a subsequence such that 

^ do- 

Recall firstly that •^r^{yn))^eSyn) = 0, that is, 

/ ^(|V(^,„(yn)|)da;+ / V{enx)fi{\^e„{yn)\)dx = I 


where 0(s) = (f{s)s‘^ for all s > 0. Using {(p 2 ) and |19l Lemma 2.1], 

/ HN{^eniyn)\)dx+ [ V{enX)fi{\^e„{yn)\)dx 

< \ I 4>(|V(T,„,yJ|)dx+ [ U(enx)4>(|T,„,y„|)dxj ,(2.11) 

L JRN JRN 


where f,i{t) = max{t^,t™'}. On the other hand, considering the change of 


. ,, enX-yn , 

variable =-, we have 


g{enX,'h^^{yn))'ifeAyn)dx = / g{enZ+yn,ter,^{\enz\)w{z))tey{\enz\)w{z)dx. 


Note that, if 2 € B_s_{0), then CnZ + yn ^ P&{yn) C C U. Since f = g m. 
n, i9 = 1 on Bs{0) and ^^(O) C B_^(0) it follows that 


g{enX,'i'e„iyn))'heniyn)dx > / f {p„ld{\€nZ\)w{z))p„ld{\enZ\)w{z)dx 

Jrn 

> [ f{Pr^w{z))p^w{z)dx. ( 2 . 12 ) 

JBsiO) 
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Combining (I2.1ip with ()2.12p 


JssiO) {ter,W[z))^ IJ^N 

1. 

+ [ V{enx)^{\^er,,yJ)da 

By Proposition 12.141 we know that tn is a continuous function. Then, there 
is zq € such that 

w(zo) = min w(z), 
zeBs ( 0 ) 


and so, from (/s) 


/ I*..“(2)1’”*: < f ‘l>(|V(9-,„,„.)|)* 

{te^w{zo)r Jbs{0) 

By |(/ 2 )[ there are ci, C 2 >0 such that 

[c,((.„«,(z„))'’-”-C2(i..a,(2„))-'“]i” / |a.(2)rdi: 

Jbs(0) 

1 . 

\ [ $(|V(T,^,j/„)|)dx+ [ y(enx)4>(|T,„,y^|)da 

Now, arguing by contradiction, we will suppose that, for some subsequence, 

—>■ +CX) and > 1 Vn G N. 

Thereby, 6(4.) = C ^nd 


[ci(4„w(2;o))® ™ - C2(te„'W)(2(0))' 


's^o) 


\wiz)rdx 


< m 




The change of variable z 
ensures that 


(^nX - Vn 




together with the Lebesgue’s Theorem 


/ HN{^e^,yJ\)dx^ [ H\Vw\)dx 
JR^ JRN 
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and 



enZ + 


Cn ^Vn 



Vo^{\w\)dx. 


Since 6 > m, we have that 


- C2it,Mzo))-^] ^ + 00 , 


obtaining a contradiction. Therefore is bounded, and for some 

subsequence, there exists to > 0 such that 


ten ^0- 

Now, recalling that ^eniUn) G we know that ||'I'e„(2/n)||e„ > <7 for all 
n G N. Using again the Lebesgue’s Theorem, it is possible to prove that 

EQ{tow){tow) = 0 and ||to^'^||Y > <7, 

implying that to > 0 and tow £ Mq. However, as u; is a ground state 
solution, we must have to = 1- Since —>■ 1, we apply again the Lebesgue’s 
Theorem to get 

lim J^(Te„(yn)) = Eo{w) = do, 

rx^+cx) 

finishing the proof. ■ 


In the sequel, for any 5 > 0, let /? = p{6) > 0 be such that Ms C Hp(0), 
the function y : R-^ given by 

r X, if X G .Bp(O), 

x{x) = l if xeB^M 

K |X| 

and /3 : A4 ^ R'^ the barycenter map given by 

/ x{(^x)<^{\u\)dx 

HW) = ml. -. 

/ ^{\u\)dx 

Jrn 


Lemma 2.11 The function 'kg satisfies the following limit 
lim ;0('ke(y)) = y, uniformemente em M. 
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Proof. The lemma follows by using the definition of together with 

the Lebesgue’s Theorem. ■ 


Hereafter, we consider the function h : M'*' —>■ M'*' given by 
h{e) = sup I Je(^e(y)) - dol, 

y£M 

which verifies lim h(e) = 0. Moreover, we set 

e^O 

A4 := {rt G A4 : Je(tt) < do + ^(e)}- 

From Lemma 12.101 G showing that A4 ^ 0. Using the above 

notations, we have the following result: 

Lemma 2.12 Let 5 > 0 and Ms = {x G : dist[x, M) < dj. Then, the 
limit below hols 



Proof. The proof follows as in [3l Lemma 3.7]. ■ 


The next theorem is a result of multiplicity for the auxiliary problem. 

Theorem 2.13 For any <5 > 0 there exists > 0 such that (^) has at 
least catMsiM) positive solutions, for any 0 < e < es- 


Proof. We fix a small e > 0. Then, by Lemmas 12.101 and 12.121 we have 
/3 o 'I'e is homotopic to inclusion map id : M —>■ Ms, this fact implies 


cat{Me) > cat Ms {M). 

Since that functional Je satisfies the {PS)c condition for c G {do, do + h{e)), 
by the Lusternik-Schnirelman theory of critical points f|36jL we can con¬ 
clude that Je has at least catMs{M) critical points on Me- Consequently by 
Corollary 12.91 Je has at least catMs{M) critical points in Xe- ■ 


Using the same approach explored in [3 Section 3], it is possible to show 
the following result 


Proposition 2.14 If Ue € W 


1 ,# 


Ue is positive, Ue G 


{,N\ 


nc, 


1 , 0 / 

loc 


is a nontrivial solution of then 
and 


lim Ue{x) = 0. 

|x|—/--l-CXD 
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3 Multiplicity of solutions for the original problem 


After the study made in Section 2, the main goal this section is to prove that 
the solutions obtained are solutions for the original problem when e is small 
enough. To do this, in what follows we will show three technical results. 

Proposition 3.1 Let —)• 0 and (un) C A4„ be such that Je„{un) —>■ do- 
Then, there exists a sequence {yn) C such that Vn{x) = Un{x + yn) 
has a convergent subsequence in Moreover, up to a subsequence, 

yn^ y e M, where yn = enjjn- 

Proof. The proof follows as in [TJ Proposition 5.3], adapting arguments 
found in [3l Proposition 3.3]. ■ 


Lemma 3.2 Let (xj) C Ll,,. and {ej) be sequences with cj —>■ 0 as j —)■ +oo. 

If Vj{x) = Uej{x + Xj) where u^. is solution of {P^j) given by Theorem \2.1dl 
then {vj) converges uniformly on compact subsets o/M'^. 

Proof. First of all, observe that Vj verifies the following problem: 

{ —A^Vj + Vj{x)4>i\vj\)vj = g{ejX+ Xj,Vj) in , 

Vj € ITi’^(M^), {Pj) 

Vj >0 in 

where Vj(x) = V{ejX + Xj) and Xj = CjXj. 

Next, let xq € and f 

verifying 

0 < ^ < 1, supp^ C Bs{xo), ^ = 1 on Bt{xo) and |V^| < — 

s — t 

For C > 1) set r]j = C^{vj — C)+ and 

Q,= [ $(|Vn,|)rdx, 

d A.c.s 

where Aj^^^p = {x S i?p(xo) : Vj{x) > C}- Using rjj as a test function, and 
combining (Uq) with[(^^ we get 

IQj < m [ cfi\Vv,\)\Vv,\\VC\r-Hvj-C)+dx 
A'.c.s 

-Vo f (j){\vj\)vjf,""{vj - C)+dx + f g{ejX+ Xj,vj)f,^{vj - C)+dx. 
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Now, repeating the same arguments found in [3 Lemma 3.5] 


Q j ^ Cr 


O.C.s 


Vj - C 


s — t 




Using the condition {Cm) and the dehnition of 


/ < C2 / 

V ^iX,B 


Vj - C 


s — t 


dx + {C +l)l^j,Cv 


where the constant C 2 does not depend of ( and C > Co > 1, for 
constant Co- 

Now, fix i?i > 0 and define 


1 


fXn - — + CTn - - and Cn - y (^1 - 

For each let us consider 

Qn,j — I Cli) + ) 

Arguing as in proof of [71 Lemma 3.6], we see that for each j G N, 

Qn,j<CA^Qiy VneN, 

where C,r] > 0 are independent of n and A> 1. Now, we claim that 

1 _ 1 

Qo,j<C^A for j S3+ 00 . 

Indeed, by Proposition 13.11 we have vj v in Therefore, 

limsup ( limsupQoj J = hmsup ( limsup f {vj — dx j = 

Co—^ + 00 y j—>-+00 J Co—>+00 y j—>+CX> J^ j 

Then, there are jo € N and Co > 0 such that 

Co,i <C^A~^, for j > jo and Co > Cm 
By [211 Lemma 4.7], 


lim Qn,j = 0, for j > jo. 


n^+cx) 


some 
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On the other hand 


hm Qn,j = / ii^j - Cn)+y*dx = I {{vj - ^)+) 

n—n — I a I a A 


7 


dx. 


, C -Ri 
’T 


Thus, 


leading to 


/ {{vj - ^)+V*dx = 0, Vj>jo, 

Ja r, ^ 




Vj{x) < ^ a.e in B^{xo), Vj > jo- 
Z 2 


Since xq € is arbitrary, we deduce that 


Co 


Vj{x) < — a.e in , Vj > jo, 


that is. 


I II ^ ^ 
Tilloo < 2 ’ 


Vj > jo- 


Setting C = max{^, ||ui||oo,., H'Wjo-iIloo}) derive that 

ll^^illoo < C Vj G N. 

Combining the above estimate with regularity theory, we deduce that 
(vj) C and there is u € such that 

Vj^v in C^’"(Sp(,(0)), Vpo > 0. 


Lemma 3.3 Let (e^) be a sequence with e„ —>■ 0 and let (x„) C be a 
sequence such that U f (x „) > tq > 0, for all n gN and some tq > 0, where 
Uf:^ is a solution of (Pe) given by Theorem \2.13\. Then, 


lim V{xn) = Vo, 

n—)-+oo 


where Xn = CnXn- 
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Proof. As n is bounded and Xn G there exists xq G such that, up to 
a subsequence, —)■ xq. Then, the continuity of V loads to 

lim V{xn) = V{xo) >Vo. (3.1) 

n—)-+oo 

In the sequel, we will argue by contradiction, supposing that 


V{xo) > Po. 

From Theorem 12.131 (u^^) C Thus, 

Ce„ — < ^0 + ^(Cn) 

which implies 

lim sup < do • 

n 

On the other hand, since 

E^itu) < J,^{tu), Vt>0 and Vu G 
we derive the inequality 


(3.2) 


do < maxEo{tUeJ < ma^Je„{tUeJ 


Vn G N, 


which loads to 

do < lim inf . 

n 

Therefore, 

Je„{ueJ do and j'„(u,„)w,^ = 0. 

Thence, (tie„) is a bounded sequence in 1T^’'*’(M'^), implying that the 
sequence u„(z) = Uf:^{z + x„) is bounded in VF^’^(M'^). Hence, there exists 
V G VF^’^(M'^) such that 

Vn^v in (3.3) 

Now, the Lemma [3^ the convergence above and the inequality, Ue^{xn) > 
To > 0 combine to give ?;(0) > tq > 0, showing that u ^ 0. 

For all n G N, let > 0 such that tnVn G Ado- Repeating the same 
arguments of proof of Lemma 12.101 we get 


tn ^ to- 
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Define Vn = tnVn and observe that 

Eo{Vn) = f ^{\V{tnVn)\)dx + Vo [ ^{\tnVn\)dx - f F{tnVn)dx 

< / ^i\V{tnVn)\)dx + / V{enZ + Xn)^{\tnVn\)dx - / + 

JRN JRN JRN 

= / ^{\V{tnUeJ)dx+ V{enZ)^{\tnUeJ)dx- G{enZ,tnUe^)dx 

JRN JRN J^N 

= Je„ (tnUe^ ) < max {tUe„ ) = Je„ ) • 

Thereby, 

do < Eo{Vn) <do+ On{l), 

implying that Eo{vn) —)• dvb- Applying [TJ Proposition 5.3], we derive that 

Vn^v in (3.4) 

with V = tov ^ 0. Moreover, Eo{v) = do, and from (13.2p . 

do < [ 4>(|Vh|)(ix+ f y(xo)<h(|n|)dx — f E{v)dx. 

JrN JrN J]g_N 

By (13.41) and Patou’s Lemma, 

[ (4>(|Vr;„|) + V{enZ + Xn)^{\Vn\) - F{Vn))dx 

/ (4>(|V(t„n„)|) + V{enZ + Xn)^{\tnVn\) “ G{enZ F X,tnVn)) dx 


do < lim inf 
n^+oo 


< lim inf 
n^+oo 

= lim inf {tnU ^^) < lim inf ) = do 

n—)-+oo n^+oo 

which is an absurd. Hence, from (|3.ip . 

lim V{xn) = Vo. 

n—)-+oo 


Our next lemma will permit to conclude that the solutions of the 
auxiliary problem are solutions for the original problem for e small enough. 

Lemma 3.4 If = sup { maxu^ : Uf, & is a solution of (Hg)}, then 


lim Kf = 0. 


(3.5) 


,Vn)dx 
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Proof. Arguing by contradiction, we will assume that 

lim inf > tq > 0, 
e—^O 

for some tq > 0. From this, there is (en) C (0, +oo) and Xn G such 

that 

U€r,{xn) = max Ue„(a;) > tq Vn G N. 

Applying the Lemma 13.31 

lim V{xn) = Vo, 

n—>-+cx) 

where Xn = enXn- Since (xn) C dQ, there exist xq G dQ such that, up to 
a subsequence, Xn —>■ xq, loading to V{xo) = Vq, which contradicts (Li). 
Thereby, 

lim Ke = 0. 
e^O 


3.1 Proof of Theorem 1.1 
i) Multiplicity of positive solutions 


From Theorem 12.Idl for any (5 > 0 there exists > 0 such that (^) has 
at least catusiM) positive solutions, for any 0 < e < e^. Let be one of 
these solutions of (Pe)- By Lemma 13.41 there exists e > 0 such that 


K^<to, VeG(0,e). 
Thus, (ue — to)+ G lTQ^’'*’(M'^\fl£) and 


UJe{x) 


0, if a: G Pg 
{ue-to)+, if a: G 


belongs to Using cug as function test, we have 

/ (j){\Vue\)VueV{ue-to)+dx+ V{ex)(j){\ue\)u^{u^ - to)+dx 

= / g{ex,Ue){Uf:-to)+dx, 
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which implies 



- io)+|)|V(u£ 


to)+dx 


< 0 . 


to)+\‘^dx 


By Proposition 12.141 we know that > 0, then the last inequality gives 



to)+dx = 0, 


and so, 

(rte — to)+ = 0 in 
showing the Theorem 1.1. 


ii) The behavior of maximum points 


Finally, if is a solution of problem (Pe„). Then, Vn{x) = Ue„(x + yn) 
is a solution of problem 

( -/\^Vn + Vn{x)(i){\Vn\)Vn = /(u„) in M^, 

Vn e {Pn) 

I Vn > 0 in 


where Vn(x) = V{enX + enVn) and (y„) is the sequence obtained in 
Proposition 13.11 Moreover, up to a subsequence, —>■ u in and 

2/n —)• y in M, where yn = Cn^n- Applying [TJ Proposition 6.1] and [TJ Lemma 
6.4], there are Rq > 0 and € Bji„(0) such that Vn{qn) = maxu„(z). 


Hence, Xn = qn + Un is a maximum point of and 


^nXn ^ V' 

Since V is a continuous function, it follows that 

lim V{enXn) = V{y) = Vo, 

n—)-+oo 

showing the concentration of the maximum points of the solutions near to 
minimum points of V. ■ 
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4 Appendix A: Existence of function 77. 


In this appendix, we show how we can build the function r]. In what follows, 
we fix Q small enough, such that the number \ = a — g verifies 


/(A) > y(m- 1)0(A). 


(4.1) 


Considering h{s) = - 7^5 have that h'{X) > ^ and h{X) < ^A. Now, 


define the function 


^{s) 


f h(s) 

= < Vo 

I k ^ 


k 

if s < a, 
if s > a. 


k 


f ( 

Note that h(s) = ' and 

(pis) 

hja) ^ /(a) ^ Vo 

a 4>{a)a k ’ 

, ^ f{s) ^ f{s) 

S (p{s)s 4>{s) 

^0 


for s > 0 , 


k ’ 


h (A) > 

B ■= ^X-h(X) > 0. 
k 


The next lemma is a key step to get the function 77 . 


Lemma 4.1 There exist toTi £ (0,+oo) such that to < a < ti and 
rj € (^^([toTi]); satisfying 

(rji) rj{s) < h{s), for all s e [to,ti], 

(h2) v{to) = h{to) andrj{ti) = h{ti), 

(Vs) {v)'{to) = (h)'{to) and {rj)' (ti) = (h)'{ti), 

(rji) The function s —>■ is nondecreasing for all s G 
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Proof. In what follows, for each d > 0 small enough, we fix the numbers 


X = a-6,B = h'{X) > ^ and D = - h(X) 

k k 

, Vo hia) „ . , p 

where — = -. Setting the function 


k a 


we have that 


y{t) = At^ + Bt, 
y(0) = 0 and y'(0) = B. 


Next, our goal is proving that there are ^ < 0 and T > 5 such that 

y(T) = ^T + D and y'{T) = ^. 

The above equalities are equivalent to the following system 

AT"^ + BT =^T + D 


whose solution is 
T = 

and 

Now, we set y :M — 

Note that 


2AT + B = ^ 


2D 2{^X-h{X)) 


B-^ B 


>6, if (5 « 0+ 




A = — 

4 D 


by 


= y{t - A) + h{X). 


?j{X) = h{X), ?f{e) = /i'(A), ?j{T + A) = ^(T + A) and ?f{T + A) = y. 

A simple calculus gives 

rj' {t)t — rj{t) = At^ — AX^ + BX — h{X). 
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Thus, 

rf {t)t — rj{t) > 0 At^ — A\^ + B\ — h{X) > 0. 

However, 

At^ — AX'^ + BX — h{X) > 0 —t* < t < 

where 

Thereby, 


rf {t)t — r]{t) > 0 Vi G [A, r + A), 


from where it follows that 
t = T-6>0. 


v{t) . . . . 

- IS increasing in 


[o 


5, a + r], where 


Using the last lemma, the function r]{t) = (j){t)r]{t) verifies the following 
conditions: 

• ? 7 (s) < (f){s)h{s) = f{s), for all s G 

• v{to) = = f{to) and r/(ii) = (j){ti)h{ti) = 


rf [to) = 4> {to)v{to) + {to) 

= (j) {to)h{to) + (j){to){h)'(to) 
= (j) {to)h{to) + 4>{to)h'{to) 

= {(p{t)h{t)) {to) = f'{to), 


• v{ti) = {f)'{ti), 

^ V{s) ^ (l){s)rj{s) ^ ?j{s) 

(p{s)s 0 ('S)s s ’ 

and I ( 774 ) I 

mentioned in Section 2. 


showing that the function rj verihes the conditions (r/i), (r/i) ( 773 ) 


34 















References 

[1] A. Adams and J.F. Fournier, Sobolev Spaces, 2nd ed.. Academic Press 
(2003). 

[2] A. Adams and L.I. Hedberg, Function Spaces and Potential Theory, 
Grundlehren der Mathematischen Wissenschaften, vol. 314, Springer- 
Verlag, Berlin, 1996. 

[3] C.O. Alves and G.M. Figueiredo, Multiplicity of Positive Solutions For 
a Quasilinear Problem in Via Penalization Method, Adv. Nonlinear 
Stud. 5 (2005), 551-572. 

[4] G.O. Alves and G.M. Figueiredo, Existence and multiplicity of pos¬ 
itive solutions to a p-Laplacian equation in , Differential Integral 
Equations 19, no. 2, (2006) 143-162. 

[5] G.O. Alves, G.M. Figueiredo and J.A. Santos, Strauss and Lions type 
results for a class of Orlicz-Sobolev spaces and applications, Topol. 
Methods Nonlinear Anal. 44, no. 2, (2014) 435-456. 

[6] C.O. Alves and M.C. Ferreira, Multi-bump solutions for a class of 
quasilinear problems involving variable exponents, Ann. Mat. Pura 
Appl. (2014). DOI 10.1007/sl0231-014-0434-2. 

[7] C.O. Alves and A.R. Silva, Multiplicity and concentration of positive 
solutions for a class of quasilinear problems through Orlicz-Sobolev 
space, arXiv:1506.01669vl. 

[8] A. Ambrosetti, M. Badiale and S. Cingolani, Semiclassical states of 
nonlinear Schrddinger equations. Arch. Rational Mech. Anal., 140 
(1997), 285-300. 

[9] A. Ambrosetti and A. Malchiodi, Concentration phenomena for for 
NLS: recent results and new perspectives. Perspectives in nonlinear 
partial differential equations, Contemp. Math., 446, Amer. Math. Soc., 
Providence, RI, (2007) 19-30. 

[10] N. Benouhiba and Z. Belyacine, On the solutions of the (p, g)-Laplacian 
problem at resonance. Nonlinear Anal. 77, (2013) 74-81 . 

[11] G. Bonanno, G.M. Bisci and V. Radulescu, Infinitely many solutions 
for a class of nonlinear eigenvalue problem in Orlicz-Sobolev spaces, C. 
R. Math. Acad. Sci. Paris, Ser. I 349, no. 5-6, (2011) 263-268. 


35 


[12] F. Cammaroto and L. Vilasi, Multiple solutions for a nonhomogeneous 
Dirictilet problem in Orlicz-Sobolev spaces, Appl. Math. Comput. 218, 
no. 23, (2012) 11518-11527. 

[13] M.F. Chaves, G. Ercole and O.H. Miyagaki, Existence of a nontriv¬ 
ial solution for the {p, g)-Laplacian in without the Ambrosetti- 
Rabinowitz condition. Nonlinear Anal. 114, (2015) 133-141. 

[14] M. del Pino and P.L. Eelmer, Local mountain pass for semilinear 
elliptic problems in unbounded domains, Calc. Var. Partial Differential 
Equations 4, no. 2, (1996) 121-137. 

[15] E. DiBenedetto, local regularity of weak solutions of degenerate 
elliptic equations. Nonlinear Anal. 7, no. 8, (1985) 827-850. 

[16] T.K. Donaldson and N.S. Trudinger, Orlicz-Sobolev spaces and imbed¬ 
ding theorems, J. Eunct. Anal. 8, no. 1, (1971) 52-75. 

[17] G.M. Eigueiredo, Existence and multiplicity of solutions for a class of 
p&g elliptic problems with critical exponent. Math. Nachr. 286, no. 
11-12, (2013) 1129-1141. 

[18] A. Eloer and A. Weinstein, Nonspreading wave packets for the cubic 
Schrodinger equation with a bounded potential, J. Funct. Anal. 69, no. 
3, (1986) 397-408. 

[19] N. Fukagai, M. Ito and K. Narukawa, Positive solutions of quasilinear 
elliptic equations with critical Orlicz-Sobolev nonlinearity on , 
Funkcial. Ekvac. 49, no. 2, (2006) 235-267. 

[20] N. Fukagai, M. Ito and K. Narukawa, Quasilinear elliptic equations 
with slowly growing principal part and critical Orlicz-Sobolev nonlinear 
term, Proc. Roy. Soc. Edinburgh Sect. A 139, no. 1, (2009) 73-106. 

[21] N. Eukagai and K. Narukawa, On the existence of multiple positive 
solutions of quasilinear elliptic eigenvalue problems, Ann. Mat. Pura 
Appl. 186, no. 3, (2007) 539-564. 

[22] M. Euchs and L. Gongbao, L°°-bounds for elliptic equations on Orlicz- 
Sobolev spaces, Arch. Math. (Basel) 72, no. 4, (1999) 293-297. 

[23] N. Eusco and C. Sbordone, Some remarks on the regularity of minima 
of anisotropic integrals, Comm. Partial Differential Equations 18, no. 
1-2, (1993) 153-167. 


36 


[24] O.A. Ladyzhenskaya and N.N. Ural’tseva, Linear and quasilinear 
elliptic equations, Acad. Press (1968). 

[25] G. Li and X. Liang, The existence of nontrivial solutions to nonlinear 
elliptic equation of p-g-Laplacian type on , Nonlinear Anal. 71, no. 
5-6, (2009) 2316-2334. 

[26] M. Mihailescu and V. Radulescu, Nonhomogeneous Neumann problems 
in Orlicz-Sobolev spaces, C. R. Acad. Sci. Paris, Ser. I 346, no. 7-8, 
(2008) 401-406. 

[27] M. Mihailescu and V. Radulescu, Existence and multiplicity of solutions 
for a quasilinear non- homogeneous problems: An Orlicz-Sobolev space 
setting., J. Math. Anal. Appl. 330, no. 1, (2007) 416-432. 

[28] J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in 
Mathematics, Vol. 1034, Springer, Berlin, 1983. 

[29] Y.G. Oh, Existence of semi-classical bound states of nonlinear 
Schrodinger equations with potentials of the class (R)o, Gomm. Partial 
Differential Equations 13, no. 12, (1988) 1499-1519. 

[30] Y.G. Oh, On positive multi-lump bound states of nonlinear Schrodinger 
equations under multiple well potential. Comm. Math. Phys. 131, no. 
2, (1990) 223-253. 

[31] M.N. Rao and Z.D. Ren, Theory of Orlicz Spaces, Marcel Dekker, New 
York (1985). 

[32] P.H. Rabinowitz, On a class of nonlinear Schrodinger equations, Z. 
Angew. Math. Phys. 43, no. 2, (1992) 270-291. 

[33] J.A. Santos, Multiplicity of solutions for quasilinear equations involving 
critical Orlicz-Sobolev nonlinear terms. Electron. J. Differential Equa¬ 
tions 2013, no. 249, (2013) 1-13. 

[34] Z. Tan and F. Fang, Orlicz-Sobolev versus Holder local minimizer and 
multiplicity results for quasilinear elliptic equations, J. Math. Anal. 
Appl. 402, no. 1, (2013) 348-370. 

[35] X. Wang, On concentration of positive bound states of nonlinear 
Schrodinger equations. Comm. Math. Phys., 53 (1993), 

[36] M. Willem, Minimax Theorems, Birkhauser, (1996). 


37 


